Introduction
The generalized Tanaka-Webster connection (from now on, g-Tanaka-Webster connection) for contact metric manifolds was introduced by Tanno ( [13] ) as a generalization of the connection defined by Tanaka in [12] and, independently, by Webster in [14] . This connection coincides with the Tanaka-Webster connection if the associated CR-structure is integrable. The Tanaka-Webster connection is defined as a canonical affine connection on a non-degenerate, pseudo-Hermitian CR-manifold. A real hypersurface M in a Kähler manifold has an (integrable) CR-structure associated with the almost contact structure (ϕ, ξ, η, g) induced on M by the Kähler structure, but, in general, this CR-structure is not guaranteed to be pseudo-Hermitian. Cho [4] and Tanno [13] defined the g-Tanaka-Webster connection for a real hypersurface of a Kähler manifold bŷ
for any X, Y tangent to M , where ∇ denotes the Levi-Civita connection on M , A is the shape operator on M and k is a non-zero real number. In particular, if the real hypersurface satisfies Aϕ + ϕA = 2kϕ , then the g-Tanaka-Webster connection∇ (k) coincides with the Tanaka-Webster connection (see [4] ). Now let us denote by G 2 (CC m+2 ) the set of all complex 2-dimensional linear subspaces in CC m+2 . This
Riemannian symmetric space has a remarkable geometric structure. It is known to be the unique compact irreducible Riemannian symmetric space equipped with both a Kähler structure J and a quaternionic Kähler structure J not containing J (see Berndt and Suh [2] If the shape operator A of M satisfies (∇ X A)Y = 0 for any vector fields X, Y tangent to M , the shape operator is said to be parallel with respect to the Levi-Civita connection. Suh [10] proved the non-existence of real hypersurfaces in G 2 (CC m+2 ) with parallel shape operator with respect to the Levi-Civita connection.
On the other hand, Kobayashi and Nomizu [7] introduced the notion of recurrent tensor field of type (r,s) on a manifold M with a linear connection ∇ . A non-zero tensor field K of type (r,s) on M is said to be recurrent if there exists a 1-form ω on M such that ∇K = K ⊗ ω .
Suh [11] proved the non-existence of real hypersurfaces in G 2 (CC m+2 ) with recurrent shape operator with respect to the Levi-Civita connection if D (respectively, D ⊥ ) is invariant by the shape operator. Kim et al. [6] showed that this last condition is superfluous.
Jeong et al. [5] considered real hypersurfaces in G 2 (CC m+2 ) whose shape operator is parallel with respect to the g- Tanaka 
This paper is devoted to the study of real hypersurfaces in complex two-plane Grassmannians whose shape operator is recurrent with respect to the g-Tanaka-Webster connection∇ (k) . That is, there exists a
We will call h = trace(A). Notice that if ω ≡ 0, the shape operator should be parallel with respect to the g-Tanaka-Webster connection. Thus we will suppose that the 1-form ω does not vanish. We will prove the following 
Main Theorem There do not exist Hopf real hypersurfaces in
G 2 (CC m+2 ) , m ≥ 3,
Preliminaries
For the study of the Riemannian geometry of G 2 (CC m+2 ) see [1] . All the notations we will use from now on are those in [2] and [3] . We will suppose that the metric g of G 2 (CC m+2 ) is normalized for the maximal sectional curvature of the manifold to be eight. Then the Riemannian curvature tensorR of
where J 1 , J 2 , J 3 is any canonical local basis of J .
Let M be a real hypersurface of G 2 (CC m+2 ), that is, a submanifold of G 2 (CC m+2 ) with real codimension one. The induced Riemannian metric on M will also be denoted by g , and ∇ denotes the Riemannian connection of (M, g). Let N be a local unit normal field of M and A the shape operator of M with respect to N . The Kähler structure J of G 2 (CC m+2 ) induces on M an almost contact metric structure (ϕ, ξ, η, g).
Since J is parallel with respect to the Riemannian connection∇ of (G 2 (CC m+2 ), g), for any canonical
for any X tangent to G 2 (CC m+2 ), where subindices are taken modulo 3 .
From the expression of the curvature tensor of G 2 (CC m+2 ) the Gauss equation is given by
for any X, Y, Z tangent to M . The Codazzi equation is also given by
for any X, Y tangent to M . The structures of G 2 (CC m+2 ) give the following In the following we will need the following Proposition, [2] , 
Proposition 2.1 Let M be a Hopf real hypersurface in
G 2 (CC m+2 ), m ≥ 3, such that Aξ = αξ . Then Y (α) = ξ(α)η(Y ) − 4 ∑ 3 ν=1 η ν (ξ)η ν (ϕY
Proof of main theorem
As we suppose that (∇
for any X, Y tangent to M . As Aξ = αξ , taking Y = ξ in (3.1) we obtain
for any X tangent to M .
Proposition 3.1 Let M be a Hopf real hypersurface in
G 2 (CC m+2 ), m ≥ 3 ,
whose shape operator is recurrent with respect to the g-Tanaka-Webster connection. If α
Proof From [9] we know that if α = 0, a Hopf real hypersurface in G 2 (CC m+2 ) satisfies either ξ ∈ D or ξ ∈ D ⊥ . Therefore we suppose that α ̸ = 0.
We can write ξ = η(
. Therefore we suppose η(X 0 )η(ξ 1 ) ̸ = 0 . From (3.1) and the Codazzi equation we
for any X, Y tangent to M . Taking X = ξ in (3.3) we get
for any Y tangent to M . Taking the scalar product of (3.4) and ξ we obtain
for any Y tangent to M . As α ̸ = 0, from (3.2) and (3.5)
..,4m−1 be an orthonormal basis of eigenvectors of M , and suppose
because the other terms are clearly null. This yields
for any X tangent to M . Moreover,
for any Y tangent to M . As for any ν = 1, 2, 3, trace(ϕ ν ϕ) = trace(ϕϕ ν ) = 2η ν (ξ) , see for example [9] , from (3.9) we obtain We know that for any
14)
The scalar product of (3.14) and ξ yields αη(ξ 1 ) = 0 . As α ̸ = 0 , η(ξ 1 ) = 0 and we arrive at a contradiction.
This finishes the proof of our Proposition. Proof With our hypothesis and being ξ = ξ 1 , (3.4) becomes
The scalar product of (3.15) and ξ , bearing in mind that α ̸ = 0 , yields
. Thus either ω(ξ) = 0 and ω should vanish, which is impossible, or g((ϕA + Aϕ)X, Y ) = 0 for any X, Y orthogonal to ξ .
As we also have (ϕA + Aϕ)ξ = 0 we obtain
From (3.17) it is easy to see that
and applying the Codazzi equation this is equal to g(ξ 2 , αϕAX + ϕX − AϕAX + ϕ 1 X). This yields
for any X ∈ D. If in (3.18) we take ϕX instead of X we get The same occurs if we take any X ∈ T λ or Y ∈ T µ . This means that for a real hypersurface of type (A)
to satisfy our condition we should have ω ≡ 0, which is impossible.
A similar reasoning applied to a real hypersurface of type (B) shows that these real hypersurfaces do not satisfy our condition and our Theorem is proved.
